Juan Andrés Cabral

Linear differential equation

The change in net earnings G as advertising expenditure  changes is given by

CIS

e b(G + x)

where b is a constant. Find G as a function of x if G = G; when x = 0.
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Solution

We rewrite
G, +bG = —bx

It is a linear differential equation. We use the substitution:
G=uv

Then
/o /
G, = u,v+vu

Replacing:
ul,v + vhu + buv = —bx
v(ul, + bu) + viu = —bx

We solve the following system of equations:

ul, +bu=0
v U = —bx
From the first equation.
du _ —bu
dr
du/u = —bdx

Integrating both sides:
In(u) = —bx + K
uw = efwarK — Cefb;p

Replacing in the other equation:
v, Ce " = —bx

d
é Ce™ " = —bx

Cdv = —bze*dx
We integrate both sides. On the right side:

/—bxeb” dx = —/bxebz dx

We use substitution:

w = bx
Then:
dw = bdx
dw/b = dz

Integration by parts:

1 w 1 w w
- = __ — I A
b (/ we dw) b(we /e dw) b

Replacing back w = bz

w w bx

we (&
e 4T =g+
b + b + re™ + b
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Then the result is:

Cv= fxeb"’”JrTJrT
Thus we solve for v:
xebm N ebac N J
V= Z
C Cb

The result is then:

1 .
G=uv=Ce " (_me + <+ J) =—z+ -+ Ne ™
)

Where N is a constant. Using the point:

G(0) = Gy
GO = +N=G
Solving for N: X
N=G-
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